The evolution of unidirectional wave trains containing a wave that gradually becomes steep is evaluated experimentally and numerically using the Boundary Element Method (BEM). The boundary conditions for the nonlinear numerical simulations corresponded to the actual movements of the wavemaker paddle as recorded in the physical experiments, allowing direct comparison between the measured in experiments' characteristics of the wave train and the numerical predictions. The high level of qualitative and quantitative agreement between the measurements and simulations validated the kinematic criterion for the inception of breaking and the location of the spilling breaker, on the basis of the BEM computations and associated experiments. The breaking inception is associated with the fluid particle at the crest of the steep wave that has been accelerated to match and surpass the crest velocity. The previously observed significant slow-down of the crest while approaching breaking is verified numerically; both narrow-/broad-banded wave trains are considered. Finally, the relative importance of linear and nonlinear contributions is analyzed. Published by AIP Publishing.
I. INTRODUCTION
The evolution of ocean water waves is subject to intensive investigations aimed at developing numerical models for prediction of wave fields at different scales in space and time. It is generally accepted that wave field evolution is affected by energy input (usually due to wind), dispersion, nonlinear interactions, and dissipation. While dispersion and nonlinear interactions are fairly well understood, accurate modeling of energy input and dissipation still remains problematic.
Gemmrich and Farmer 1 demonstrated that turbulence levels and dissipation rates within breaking waves are higher by four orders of magnitude than the corresponding background values. Wave breaking can thus be considered as the main energy dissipation mechanism. Gemmrich 2 has shown experimentally that dissipation rates within wave crests are considerably higher than those within the wave trough. Moreover, the dissipation rate increases by more than an order of magnitude for periods when breaking is relatively frequent as compared to the nonbreaking conditions. Pizzo et al. 3 reported that most of the energy lost by the wave field is dissipated within the first four periods after the breaking event. Determination of wave breaking inception is critical for development of reliable mathematical models.
Historically, the first criterion for the inception of breaking was based on the wave's geometry. Stokes concluded that the wave breaks when the local wave steepness ka ≥ 0.4423. Indeed, existence of oceanic waves with comparable steepness was reported recently based on measurements of the surface elevation in laboratory facilities and the open sea in Ref. 4 . The isolated almost-highest crest was shown to be unstable. [5] [6] [7] As demonstrated in those studies, water particles near the crest tend to be shifted toward the front face of the wave forming a bulge. Further nonlinear development of the instability has been followed by applying the boundaryintegral time-stepping method. It was found that positive initial perturbations of the water surface lead to wave crest overturning, whereas negative perturbations result in the wave transition to an almost steady wave of lower amplitude. Duncan et al. 8 presented a detailed experimental investigation of spilling breaker inception by mechanically generated waves and showed that the breaking process is characterized by the formation of a bulge and capillary waves on the front face of the wave. Diorio et al. 9 investigated spilling breaking waves generated by both a mechanical wavemaker and by wind. It was found that the bulge-capillary wave system is similar in all cases and is independent of the excitation.
A number of breaking criteria aimed at practical applications were proposed recently. They can be classified into three categories: 10 geometric, kinematic, and dynamic. An additional energetic wave-breaking criterion was introduced in Refs. 11-13. It is well established that geometric criteria that do not take into account the spectral shape are oversimplified to predict accurately the inception of breaking. Simultaneous measurements of the velocities of the fluid particle and of the free surface displacement are needed to study the inception of breaking quantitatively. 14 The dynamic criterion of Phillips 15 states that in deep water, breaking occurs when the local downward acceleration of the fluid particle near the wave crest exceeds the acceleration due to gravity. Estimates of the vertical acceleration of the water particle near the steep wave crest based on the thirdorder Zakharov 16 equation were carried out in Refs. 17 and 18 for conditions where breaking was observed in focusing experiments. 19 The Lagrangian acceleration which is an appropriate quantity with respect to the dynamic criterion of Phillips was shown to remain well below the gravity acceleration for those conditions.
The kinematic condition postulates that breaking appears when the fluid particle at the wave crest moves faster than the representative wave velocity. Stansell and MacFarlane 20 adopted the phase velocity c p at the dominant frequency as the characteristic wave velocity and were the first who attempted verification of this criterion. However, their PIV (Particle Image Velocimetry) measurements showed that the fluid particle velocity at the steep crests remains well below c p . Tulin and Landrini, 21 among others, took the value of the group velocity as the characteristic wave velocity since the envelope of a narrow-banded group propagates with c g .
In numerous experiments, breaking was observed when monochromatic waves were initially generated by a wavemaker. These waves often break rapidly due to initially high steepness or at a later stage of their evolution along the tank. 14, 22 Plunging breakers were usually observed in those experiments. Wave focusing based on water waves' dispersion in deep and intermediate depth water is often used to control the location of breaking. The measured maximum horizontal velocities V fl in plunging breakers exceed the phase velocity c p , 22, 23 while the measurements of V fl and of the surface elevation seem to indicate that the values of V fl remain below c p . 14 Shemer and Liberzon 24 applied Particle Tracking Velocimetry (PTV) for measuring the fluid particles' velocity at the free surface. In parallel, the actual velocity of the crest of the wave at the inception of breaking in a wave train that approximates a Peregrine breather was measured using digital processing of video records. It was found that as the steepest wave in the train grows with distance, its crest propagation velocity decreases. Similar crest slowdown of steep waves was also obtained in experiments as well as in numerical simulations. [25] [26] [27] [28] [29] [30] Thus, neither the phase velocity, c p , nor the group velocity, c g , in fact represents the actual propagation velocity of crests of steep waves, V cr . The kinematic breaking criterion therefore should match the fluid velocity at the crest with the actual crest propagation velocity at the inception of breaking. It was suggested in Ref. 24 that breaking occurs when V fl /V cr exceeds unity.
The experimental results of Ref. 24 regarding the validity of the kinematic breaking criterion in this formulation were inconclusive due to experimental inaccuracies. To overcome experimental limitations, Shemer and Ee 26 carried out fully nonlinear numerical computations based on the conformal mapping method. 31, 32 A Peregrine breather was adopted to generate a steep breaking wave at a prescribed location in the wave tank. The fluid velocities at the crest and the propagation velocities of the steepest crest were obtained from the numerical simulations. The variation of the surface elevation with time was also measured at numerous locations along the tank. The fluid particles located at the crest of the breaking wave were found to reach high horizontal velocities, simultaneously with the reduction of the crest propagation velocity. The analysis of the numerical and the experimental data provides evidence that the particle velocity at the inception of breaking indeed may exceed the crest propagation velocity. However, the results of Ref. 26 were ambiguous due to certain differences between the numerical simulations and the experiments as a result of lack of exact agreement between the adopted initial conditions in the numerical simulations and the actual boundary conditions at the wavemaker.
Fedele et al. 33 applied the Hamiltonian formalism to show that when the kinematic breaking criterion is satisfied, the dynamics of the particle reduce to that associated with the motion of a particle in free flight. Lagrangian drift was investigated numerically by Deike et al. 34 using high-resolution direct numerical simulation in a 2D domain. An added drift was observed during wave breaking that considerably exceeds the classical Stokes drift. It was reported that the velocity of the tracers at the breaking wave could exceed the phase velocity of the dominant waves in the wave group by 10%-50%. Itay and Liberzon 28 presented an experimental investigation of the wave breaking due to the shoaling. The validity of the kinematic criterion (within the accuracy of the measurements) was established in some of the experimental runs. Additional evidence of the validity of the kinematic criterion for breaking in undular bores using the shallow water Boussinesq model was presented by Bjørkavåg and Kalisch. 35 Energetic wave breaking criterion was introduced in Refs. 11-13. According to this criterion, the onset of breaking occurs when the value of an appropriate energetic parameter exceeds a threshold that has to be determined empirically. Simplifications were applied in Refs. 12 and 13 in order to evaluate the suggested parameter from surface elevation records. These simplifications introduce additional errors. The energetic criterion of Ref. 11 was further developed and investigated in Refs. 27, 29, and 30. It was shown that the adopted energetic breaking condition can be reduced to the kinematic criterion similar to that suggested in Refs. 24 and 26 (V fl /V cr ≥ 1) but containing an empirical threshold value: 27, 30 V fl /V cr ≥ 0.86. In view of the existing ambiguity, it should be emphasized that the energetic criterion of Refs. 27 and 30 in fact does not contradict to the kinematic condition of Refs. 24 and 26. In few cases reported in Ref. 30 , waves existed and did not break for higher values of V fl /V cr than the empirical threshold 0.86. However, no stable waves were reported for V fl /V cr > 1.060.
It can be concluded that in spite of extensive efforts, there is yet no generally accepted formulation of the breaking inception criterion; there is also no definite demonstration of the validity of different versions of the criterion. In this work, we attempt to validate the kinematic wave-breaking criterion by combining fully nonlinear simulations of the spatial evolution of a unidirectional wave train with experiments in a laboratory wave tank. To overcome deficiencies of the previous studies, the version of the boundary element method 36 that accounts for the actual wavemaker motion as measured in the experiments was applied here. Two generally used methods of generation of the breaking crest were adopted in this paper: wave energy focusing that is basically linear 17, 18, 20, 23, 29 and an essentially nonlinear enhancement of the steepest crest. 24, 26, 29, 37, 38 
II. EXPERIMENTAL FACILITY AND PROCEDURE

A. The wave tank
The experiments were carried out in an 18 m long, 1.2 m wide, and 0.9 m deep wave tank with transparent side walls, Fig. 1 . The tank was filled to a mean depth of 0.6 m. The facility is equipped with a computer-controlled paddle-type wavemaker hinged at the bottom of the tank. The instantaneous angular coordinates Θ(t) of the paddle, see Fig. 1 , are recorded. The vertical position of the paddle corresponds to Θ = 0. A 3 m long wave energy absorbing sloping beach is located at the far end of the tank that significantly reduces the reflection of waves from the far end of the tank. Nevertheless, experiments were planned so that the inception of breaking was observed before the generated wave train arrives at the beach. An instrument carriage with the longitudinal position controlled by a computer carries a bar on which four wave gauges are mounted; the gap between the adjacent sensors is 0.4 m. The vertical position of the wave gauges is also controlled by the computer. Static calibration of wave gauges was performed prior to every experimental run using a fully automatic procedure. In each experimental run, the driving signal of the wavemaker and the position of the instrument carriage were prescribed by a computer. The outputs of the wave gauges, the paddle inclination angle Θ, and the driving signal were sampled at the rate of T 0 /128, where T 0 is the carrier wave period. A single LabView program was used for the control of the instrument carriage, generation of the wavemaker driving signal, and data acquisition, thus ensuring precise synchronization.
B. Generation of a breaking wave
As surveyed in the Introduction, breaking of unidirectional waves in deep or intermediate-depth water is usually attained due to either an essentially nonlinear enhancement of the steepest crest of an initially narrow-banded wave train, often using breathers, or by focusing that employs dispersion properties of deep-water gravity waves. Both linear and nonlinear mechanisms for generation of breaking waves were considered.
Two simple finite-duration driving signals were first applied to generate narrow-banded wave trains,
where Θ 1 and Θ 2 are the instantaneous angular coordinates of the wavemaker paddle, ϑ 1 and ϑ 2 are the corresponding amplitudes, ω 0 = 2π/T 0 is the carrier wave radian frequency, ∆ω determines the spectral width of the signal, and t is the time. The chosen duration of the wave train for (1) is 50T 0 and for (2) is 17T 0 ; T 0 = 0.7 s. In both cases, the sampling was initiated simultaneously with the driving signal and continued for 50T 0 in order to guarantee the coverage of the breaking process. The linear dispersion relation
yields the carrier wave number k 0 = 8.21 m 1 (k 0 h = 4.93, thus satisfying deep water condition) that corresponds to the wavelength λ 0 = 0.765 m. For signal (2) , the value of ∆ω/ω 0 = 0.03 was selected. Both wave packets propagate with a group velocity c g = dω/dk = 0.547 m/s. The wavemaker amplitudes for both driving signals were chosen so that the corresponding surface elevation envelope maxima η i of the excited wave trains result in the steepness in the vicinity of the wavemaker: ε 1 = k 0 η 1 = 0.22 and ε 2 = k 0 η 2 = 0.24. Alternatively, a broad-banded Gaussian-shaped wave train was considered to investigate the wave steepening due to superposition of multiple harmonics. In this case, the wave form was prescribed at the focusing location x f = 8.5 m as
Here m defines the spectral width of the wave train and η 0 is the maximum of the wave train envelope. The value of m = 0.6 was selected yielding a broad-banded spectrum with the relative spectral width at half amplitude ∆ω1 /2 /ω 0 = 0.88. The phases of all free spectral components of the wave train (4) are identical and equal to zero at x f , yielding an extreme wave crest with the height equal to the sum of amplitudes of all harmonics in the spectrum: η 0 = a ω j . 19 Neglecting nonlinearities and spectral changes, the wave form at the wavemaker (x wm = 0) can be calculated as a linear superposition of all spectral components propagating with their own phase velocities c p,j = c p (ω j ) = ω j /k j . Due to dispersion, different components of the spectrum propagate with different phase velocities c p,j , resulting in spreading of the wave train in both directions from the focusing location x f , with corresponding reduction of the wave steepness. This enables obtaining at the focusing location a steep wave with ε(x = x f ) = k 0 η 0 ≈ 0.4 while retaining relatively low steepness in the vicinity of the wavemaker ε(x = x wm ) ≈ 0.09. The nonlinear effects become significant only when steep waves appear in the train; thus, the initial stages of the Gaussian wave train evolution characterized by moderate steepness are close to linear. 19 Low initial steepness of the wave train constitutes the major difference between the two cases considered here.
The wavemaker driving signal for the Gaussian-shaped wave train was thus calculated from the surface elevation at x = 0 by application of the linear transfer function 39 estimated for the carrier frequency ω 0 . The spectrum of the resulting driving signal in terms of angular coordinates of the paddle hinged at the bottom is
where ϑ 3,j , ω j , and k j are the complex amplitude, frequency, and wave number of the jth harmonic, respectively. As in the previous cases, the carrier wave period in (4) T 0 = 0.7 s, whereas the duration of the driving signal (5) was 50T 0 . The sampling duration was 80T 0 , well beyond the instant of the last breaking event. Experiments were performed for four values of the envelope maxima η 0 corresponding to ε = k 0 η 0 = 0.16, ε = 0.2, ε = 0.3, and ε = 0.4.
C. The wavemaker motion
The conditions at the wavemaker required in the Boundary Element Method (BEM) include instantaneous paddle displacement, velocity, and acceleration. The actual temporal variation of these parameters in experiments may deviate notably from those derived from the driving signals (1), (2), and (5). Since the goal of the study is to carry out quantitative comparison between simulations and measurements, the actual paddle displacements recorded by the computer were used for determination of the boundary conditions at the wavemaker in the simulations.
Multiple realizations of paddle motion driven by each signal were recorded, and the measured wavemaker coordinates were ensemble-averaged over all runs. The relative RMS errors between the ensemble-averaged motion of the paddle used in the simulations and the multiple individual realizations are: (Θ rms /Θ max ) 1 = 3.1%, (Θ rms /Θ max ) 2 = 3.0%, and (Θ rms /Θ max ) 3 = 5.5% for driving signals 1, 2, and 5, respectively. Ensembleaveraged variation of the wavemaker displacement with time was interpolated by cubic polynomials to enable calculation of instantaneous velocities and accelerations. Smoothing was applied for calculations of the acceleration.
The measured angular coordinates and accelerations of the paddle for driving signals (2) and (5) corresponds to the steepest wave train (ε = 0.4). Significant shift of the peak frequency from f /f 0 = 1 is seen in Fig. 3 (c), in particular, for higher steepness. This shift may be attributed to the nonlinear response of the wavemaker.
D. Video imaging of wave forms
A high-speed monochrome digital camera Vieworks VC-4MC-M/C 180 was used to record the shape of the breaking wave through the transparent side walls of the tank; see Fig. 1(b) . The resolution of the camera was set to 2048 × 2048 pixels at 100 fps. The camera was controlled externally by a computer; an external trigger signal provided synchronization of the camera with wave generation and data acquisition. Illumination by LED panels was applied; each frame was 400 mm wide providing resolution of about 5 pix/mm. Recordings of waves approaching breaking were performed at several locations along the test section. Adopting the approach used in Ref. 40 , advantage was taken of the repeatability and synchronization of the experiments, enabling reconstruction of the wave profile extending up to 1.6 m (more than 2 carrier wavelengths) at different stages of the breaking wave evolution.
The repeatability of the experiments was evaluated by measuring the shifts in locations of the steepest pre-breaking crests captured by the camera in different experimental runs at identical instants. This shift stems from uncertainty in determination of the crest location due to its locally nearly horizontal shape. An error is also introduced by the finite camera frame rate. The upper bound of the resulting discrepancies is assessed as ∆x cr = 1.4 cm; see the Appendix for details.
III. NUMERICAL WAVE TANK (NWT)
Unidirectional wave train propagating in a twodimensional numerical domain with finite depth is considered (Fig. 4) . The dimensions of the numerical domain are similar to those of the physical wave tank. In the beginning of each simulation (t = 0), the domain Ω has an undisturbed rectangular form defined by four boundaries as shown in Fig. 4 : Γ wm , Γ b , Γ L , and Γ fs . The bottom Γ b and the lateral Γ L boundaries represent solid walls, whereas Γ wm represents the moving surface of the wavemaker paddle and Γ fs is the free water surface. The boundaries of the domain are represented by a one-dimensional grid consisting of regular and corner nodes, the latter describe the intersection of every single boundary with its neighbor.
Two systems of coordinates are implemented. The global Cartesian coordinate system x-z has an origin at the intersection of the undisturbed free surface and the vertical wavemaker surface. The local curvilinear s-n coordinate system moves along the boundaries of the domain in the clockwise direction forming a close circuit. The origin of the local coordinate system is always connected to one of the nodes. The normal axis n is directed outwards; the direction of the tangential axis s is positive along the circuit.
Velocity field in incompressible, inviscid, and irrotational flow can be defined trough the hydrodynamic potential
that satisfies the Laplace equation with appropriate linear and nonlinear boundary conditions,
where r(x, z) is the radius-vector in the global coordinate system, V is the velocity, η z is the vertical displacement of the free surface, p a is the static pressure at the free surface (p a = 0 is assumed), and U wm is the instantaneous normal velocity of the paddle. The impermeable condition applied at Γ L (7e) implies ideal reflection of the waves from the lateral boundary. BEM 41, 42 was applied to resolve fluid flow governed by (7a) with no simplifications of the boundary conditions (7b)-(7e). Green's second identity was applied to transform the Laplace equation (7a) into the boundary integral equation,
Here ψ(r, r s ) = −1/(2π) ln|r − r s | is the fundamental solution that represents the potential flow at point r due to a source located at r s and |r − r s | is the distance from the integration point to the collocation point where the singular potential source is placed. The geometric factor α = π for regular nodes and α ≈ π/2 for corner nodes. The integration was carried out along the closed circuit
The surface grid shown in Fig. 4 was used for discretization of (8) . Different boundary elements that interpolate variables between the grid nodes were studied. The local interpolation using linear elements 43 allows analytic evaluation of the surface integrals in (8) and thus accelerates the computations. Using quadratic elements defines a smooth shape of the free surface by numerical evaluation of the integrals. The global QS (Quasi-Spline) interpolation by splines 44 provides an even better representation of the free surface curvature. However, all those versions of the BEM were found to fail when local slopes of the free surface become high. Therefore, a more accurate but time-consuming 3rd-order MII (Mid-Interval Interpolation) local interpolation technique 44 was implemented using a sliding cubic boundary element defined by four neighbor grid nodes as shown schematically in Fig. 4 .
The numerical integrations of (8) were carried out over the central part of the boundary element using the Gaussian quadrature method with 8-10 integration points. The extreme nodes of the element are not used in integration directly; they define the required curvature of the central part of the element. For each of N grid nodes of the discretized boundaries, the boundary integral equation (8) was written taking sequentially placed collocation points coinciding with grid nodes. The resultant system of equations can be written in the matrix form
where [A] and [B] are known matrices and {ϕ} and {∂ϕ/∂n} are vectors defining variables for all grid nodes. Application of boundary conditions determines the values of ϕ for nodes on Γ fs and of ∂ϕ/∂n for other nodes. Thus, N unknowns remain in the matrix equation (9) that was solved numerically. An additional similarly obtained set of equations is required to find the values of ∂ϕ/∂t and ∂ 2 ϕ/∂t∂n,
The values of ∂ϕ/∂t and ∂ 2 ϕ/∂t∂n were needed for time integration of free surface boundary conditions (7b) and (7c). 36, 44 For corner double-nodes, Grilli and Svendsen 45 developed procedures that imply coincidence of the values of the solution variables at both end nodes constituting a single corner double-node. These procedures were executed after the solution of Eqs. (9) and (10) was obtained. It was found that the approach adopted in Ref. 45 is not sufficiently accurate for computation of the variables at the corner nodes located at the ends of the free surface boundary. Thus, the method of embedded corner nodes 44 was implemented for those nodes. According to this method, some equations in (9) and (10) are modified in order to take into account the peculiarities of the free surface double-nodes a priori, improving the accuracy and the robustness of the numerical solution.
The boundary conditions at Γ b , Γ L , and Γ wm (7d) and (7e) are satisfied naturally in BEM. Equations (7b) and (7c) corresponding to the free surface boundary conditions have to be solved separately. The free surface nodes were free to move in both vertical and horizontal directions as suggested in Ref. 36 . A somewhat different approach was developed in Ref. 46 within a semi-Lagrangian frame that allows the free surface nodes to move vertically but not horizontally. However, this approach is not applicable for simulation of breaking waves with strong horizontal displacements of nodes.
To perform time integration of (7b) and (7c), the radiusvector and the potential at the free surface nodes were expanded into the second-order Taylor series,
with ∆t being the time step of the numerical integration. The expansion terms were found from Eqs. (7b) and (7c) similar to Ref. 36 . Stokes drift of the free surface nodes was observed during simulations of steep water waves. A considerable increase of the distance between nodes in the vicinity of the wavemaker reduced the accuracy of wave generation. Adaptive regridding of the domain that establishes equal arc lengths of all free surface boundary elements 44, 47 was applied to restore a nearly uniform distribution of the nodes over the boundaries.
IV. ACCURACY OF NUMERICAL SIMULATIONS
The numerical simulations of the wave field performed here consist of two parts: the solution of the fluid flow within the domain by BEM and time integration of the free surface boundary conditions establishing an instantaneous form of the free surface. The accuracy of simulations is quantified by the continuity error, which can be interpreted as the volume of fluid that enters the domain during the time step due to the mass flow discontinuity, normalized by the initial volume of domain W init and defined as
The time-stepping accuracy was assessed by the volume error, i.e., the relative variation of the volume of the computational domain,
The solution accuracy is strongly dependent on both space and time resolution of the numerical model. It is convenient to use the Courant number for determination of the time step that is appropriate for the specified spatial resolution, 44, 47 
with |∆r| min being the minimum distance between the adjacent nodes of the grid. The Courant number in the simulations, CFL ≤ 0.1, exceeds the requirement for the explicit schemes. A grid independence study was carried out in order to determine the appropriate grid resolution. Seven different grids listed in Table I were considered. The distances between the nodes at the same boundary were chosen to be identical. Figure 5 examines the continuity ε c and the volume ε w errors during simulations of the evolution of a wave train excited by driving signal (1) with three different grids. The errors decrease with grid refinement. Also, it seems that ε c tends to a constant average level, whereas ε w exhibits continuous growth during the simulation. The sudden jumps of ε c vanishing after a single time step are caused by regridding. The values of both errors do not exceed 0.1% even at the end of the simulation at the inception of breaking.
The instant of the first breaking event in the wave train was determined as the moment when the BEM simulation losses stability; see Sec. V. The position and the height of the first breaking crest observed at this moment in the wave train excited by the driving signal (1) are analyzed in Fig. 6 . The position of the breaking wave converges to the value of about x br ≈ 9 m. Grids 3-4 and 5-6 have similar resolution for all boundaries except Γ b . Since the wave breaking was obtained at the same distance for those grids, it was concluded that the bottom grid resolution does not affect the simulation significantly. The jitter in the breaking wave height in Fig. 6(b) is within the range of 10%, which can be caused by numerical instability at the breaking crest immediately prior to the breaking event. This jitter is effectively removed by application of grids 5-7. Grids 3 and 5 were chosen for further simulations as they produce acceptable results with minimum duration of computations. 
V. WAVE BREAKING IN NARROW-BANDED WAVE TRAINS
The measured surface elevation records for the wavemaker driving signal (1) are compared in Fig. 7 with the corresponding numerical simulations. Since BEM employs Lagrangian formulation, the positions of the grid nodes vary FIG. 7 . Surface elevation at different locations along the wave tank. Numerical simulations vs. experimental results for driving signal (1). Fig. 7 for the driving signal (2). with time within a wide range. Thus, cubic interpolation was utilized to estimate variation of η z with time at fixed coordinates x. The coordinate of the wave train leading edge given in the figure as a function of time was estimated using the linear group velocity c g . Fast variation in the envelope of the wave train at its leading edge due to abruptly initiated wavemaker motion results in the appearance of additional harmonics in the spectrum. The nonlinear interactions among those harmonics lead to a significant growth of the crest height of the front wave in the train leading to the inception of breaking at x Numerical simulations for the driving signal (2) with ∆ω/ω 0 = 0.03 are compared against the experimental records in Fig. 8 . Only a half of the modulation period with the total duration of 11.7 s was generated. Positions of leading and trailing edges are estimated using c g at the carrier wave frequency. The wave train reaches the beach in about 27 s, significantly later than the breaking appears; see Snapshots of wave trains excited by the driving signal (1) were taken from video records at three side-by-side locations around breaking inception; see Fig. 9 (Multimedia view). Image enhancement was applied to improve the visibility of the free surface contact line. The wave crest has a strongly asymmetric shape even prior to the inception of breaking, with the front face being steeper; see panels (a) and (b). The bulge formation that precedes the breaking as reported in Ref. Fig. 10 (Multimedia view) seems to be the last one where this agreement is retained. The experimentally determined profiles 2 and 3 representing the breaking process are characterized by a fast decrease of the crest height; this phenomenon is not reflected in the simulations. This discrepancy may be attributed to the fact that BEM cannot accurately simulate the later stages of the wave breaking process and associated energy dissipation. The capillary effects 8 not taken into account in the numerical model can also contribute to that deviation.
FIG. 8. As in
After the appearance of wave profile 3, the numerical solution loses stability. The instant of the appearance of the last stable simulated wave profile, see was approximated using a polynomial fit; the maximum of the fitted curve determines the wave crest position. Evolution of the steepest crest in experiments with the driving signal (2) is presented in Fig. 12 (Multimedia view) . Comparison of Figs. 9 and 12 (Multimedia view) indicates that the application of the driving signal (2) generates a more symmetric wave shape at breaking [ Fig. 12 (c) (Multimedia view)]; the breaking in this case is considerably stronger than that in Fig. 9(d) (Multimedia view) . 11, 13 The position of the wave crest at the inception of breaking in this experiment was estimated as x exp br = 8.43 m.
The imaged crest profiles are compared with those obtained in simulations in Fig. 13 (Multimedia view) . As in Fig. 10 (Multimedia view) , the crest height increases approaching the breaking location, albeit the relative growth is now somewhat more moderate. The agreement between simulated and measured surface shapes in Fig. 13 (Multimedia view) is good, but not as in Fig. 10 (Multimedia view) . The computed crest profiles at the inception of breaking are narrower than those in the recorded images. Although there are significant differences in excitation of breaking waves using driving signals (1) and (2), the accuracy of the numerical model is similar.
The coordinate x cr and the height h cr max of the steepest crests in the train were determined using interpolation polynomials as shown in Fig. 11 . The fluid velocity V fl at the tip of the highest wave crest is available directly from the numerical solution. To determine the steepest wave crest velocity V cr , the dependence x cr (t) between the integration time steps was approximated by a polynomial.
The computed values of h cr max , V fl , and V cr corresponding to the steepest crest in the train at different instants during evolution of the wave train excited by driving signal (1) are plotted in Fig. 14 . The discontinuity of V fl and V cr is related to transition of the steepest crest in the train between the adjacent waves. The linear orbital fluid particle motion velocity a 0 ω 0 serves as a characteristic scale for V fl . The phase c p and the group c g velocities define scales for V cr .
As the wave train propagates away from the wavemaker, the height of the steepest crest at its leading edge increases by a factor exceeding 1.4. The fastest growth of the crest is observed as it approaches the breaking position. The value of the fluid velocity V fl at the steepest crest is higher than the amplitude of the orbital motion velocity a 0 ω 0 in the initially generated wave train. The fluid particle velocity at the crest V fl remains below the linear group velocity c g of the wave train until x = 7.8 m.
Far away from breaking, the actual steepest crest velocity V cr remains close but not equal to the phase velocity c p . In the vicinity of the breaking location, the values of V cr and V fl become very close at x ≈ 9.08 m, then the crest velocity V cr continues to decrease, and the computations loose stability; the last stable point is denoted in Fig. 14(b) . Adopting the criterion for the inception of breaking as V fl ≥ V cr , the computed breaking location is x num br = 9.08 m, see Fig. 14(b) , quite close to the experimentally observed value x exp br = 8.97 m; the difference being less than 0.15λ 0 . As the steepest crest approaches breaking, its propagation velocity starts to oscillate faster; see Fig. 14 can be attributed to the experimental inaccuracies associated with differences between the paddle motion in every individual realization and the ensemble-averaged values adopted in the simulations.
The corresponding results for the wave train excited by driving signal (2) are plotted in Fig. 15 . Although the envelope of the wave train becomes asymmetric fast (see Fig. 8 almost independent of x for x < 6 m, in contrast to the behavior observed in Fig. 14 . The increase in the steepest crest height then occurs much faster; the height of the steepest crest increases by a factor exceeding 1.65. The fluid velocity V fl also remains almost independent of x and close to the orbital motion velocity a 0 ω 0 away from breaking; it then increases substantially with x. In this case also, the values of c p and c g appear to be irrelevant for determination of breaking inception. For example, V fl ≥ c g at x ≥ 7.6 m, whereas breaking is observed experimentally at x 
VI. BREAKING OF A BROAD-BANDED WAVE TRAIN
Moderate initial steepening of the wide-spectrum wave train produced by the driving signal (5) allows application of the linear wave theory for estimating its kinematic characteristics. However, nonlinearities significantly affect the focusing wave train at later stages of its evolution. 19 The effects of nonlinearity on the kinematic characteristics of the steepest crest are assessed here by comparison of the linear predictions with fully nonlinear simulations. Table II . In all cases, the breaking crest was located at the front of the wave train. The regridding technique (see Sec. III) allowed smoothing the wave crest prior to the inception of breaking, thus retaining the stability of computations. An adaptive regridding procedure was therefore developed to simulate the evolution of the steepest wave train with ε = 0.4 as the wave train approaches breaking; see Fig. 18 . Very good agreement between the numerical and the experimental results was obtained prior to breaking. Note that regridding at the inception of breaking introduces an additional numerical error, constituting a possible reason for a certain growth of the discrepancy between the numerical and the experimental results within the breaking region.
A. Wave train evolution
In the linear approach, each harmonic propagates with its phase velocity. Plots of the resulting linear superposition of the spectral harmonics are also given in Fig. 18 . Spectral changes due to nonlinearities are thus ignored. Close to the wavemaker, the effect of nonlinearities remains minor; however, already at x = 6.4 m the wave train envelope becomes visibly asymmetric; 
B. Shape of the crest at breaking
Images of evolution of the steepest crest in the wave train with ε = 0.4 recorded by a video camera at the inception of breaking are presented in Fig. 19 (Multimedia view) . The locations of breaking events obtained numerically and observed in the experiments are summarized in Table II 
C. Kinematic characteristics of the breaking crest in fully nonlinear simulations
The kinematic characteristics of the steepest crest in the wave train with ε = 0.4 are studied here. The instant of breaking inception was defined by the appearance of a computational instability. Note that regridding eliminated this instability by smoothing the crest shape prior to breaking. Thus in order to detect the instant of the 1st breaking, the adaptive regridding was disabled. The regridding was then reapplied to enable detection of subsequent breaking events in the simulation. To detect those events, the same procedure of switching off the regridding was applied.
Kinematic characteristics of the steepest wave crest at first and last inceptions of breaking are plotted in Fig. 20 . The height h cr max of the steepest crest in the train increases gradually for x ≤ 6 m, the rate of growth of h cr max then accelerates enhancing wave nonlinearity that becomes significant in the Figs. 14, 15, and 20) . The subsequent increase of V fl /V cr beyond unity obtained soon after that results in an almost immediate loss of the computational stability, thus confirming the validity of the exact kinematic breaking condition V fl /V cr = 1. It should be stressed that the stability of BEM simulations close to breaking strongly depends on the parameters of the numerical scheme. Particular effort therefore has been invested in the development of our in-house written code in order to adjust the integration scheme at those critical evolution stages and to improve convergence and minimize numerical inaccuracies.
D. Kinematic characteristics of the steepest crest based on a simplified solution
Far from breaking, the spectral changes in the wave train are negligible. 19 Therefore, simplified wave theory can be applied to estimate the effect of nonlinearities on the kinematic characteristics of the steepest crest in the train. The frequency spectrum of the steepest wave train with ε = 0.4 corresponding to wave form (4) was considered. The wave form at each instant was constructed as the superposition of all free complex spectral harmonics. The steepest crest height, h cr max , and its propagation velocity, V cr , were then determined using the approach applied above. The fluid velocity at the steepest crest was calculated as follows:
The distribution of the potential was obtained by superposition of the harmonics calculated using the simplified solution, 39
Here a j = a(ω j ) is the amplitude of the surface elevation and ω j and k j are angular frequency and wave number of the jth harmonic.
Bound waves contribute significantly to the surface elevation around the crest and can be computed using the approach detailed in the Appendix of Ref. 48 . The contribution of 2nd order bound waves to the horizontal velocity component at the focusing location x f = 8.5 m was found to be small as compared to the 1st order horizontal velocity, so for deep water conditions it can be disregarded, in agreement with Ref. 39 .
As long as the wave field remains effectively linear for x ≤ 6 m, the distributions of h cr max , V fl , and V cr are similar both qualitatively and quantitatively to those obtained in fully nonlinear simulations, cf. Fig. 21(a) , no steep breaking waves appear in the front of the train and a smoother increase of h cr max is observed, with a single steep wave in the train at x f = 8.5 m as prescribed by (4) .
The growth of V fl accompanied by reduction of the velocity of the steepest crest, V cr , is observed in the simplified case as well, Fig. 21(b) . Thus in a broad-banded wave train obtained using the linear theory, the values of V cr also deviate significantly from c p (ω 0 ). The variation of V cr in the vicinity of focusing in Fig. 21(b) is smooth, with no oscillations typical for the nonlinear solutions (cf. Fig. 20 ). For ε = 0.4, the value of V fl (x f ) tends to the value of V cr (x f ) thus indicating that breaking is possible close to the focusing location. For lower steepness, V fl (x f ) remains appreciably below V cr (x f ).
An attempt is made here to improve results of the simplified computations in terms of prediction of the location of These spectra differ notably from their initial shape due to nonlinearities and contain both free and bound components. The linearization of the spectra by separating free and bound waves is thus required in order to apply the 1st order accurate expression (17) . Note that the wave number spectra are significantly wider than the frequency spectra due to the dispersion relation (3), thus the domains of free and bound waves overlap as stressed in Ref. 40 . To extract the 2nd order bound waves from the wave number spectra, an iterative procedure developed in Ref. 19 that is based on the Zakharov equation 16, 48 was applied. The resulting spectra and wave forms are shown in Fig. 22 . The free harmonics of the spatial amplitude spectra were used for analysis of the kinematic characteristics of the steepest wave crest in the vicinity of breaking; see Fig. 23 . The accuracy of prediction of the breaking location is improved notably in this case, cf. Figs. 21 and 23 . Therefore, the approximate locations of the breaking can be estimated using the 1st order approximate solution provided that the actual spectrum of the wave train shortly before the breaking is utilized.
VII. CONCLUSIONS
The kinematic criterion in its different versions is one of the numerous criteria for wave breaking suggested over the years. In the present study, the formulation of the kinematic criterion for the inception of breaking offered in Ref. 24 is adopted. It states that breaking occurs when the velocity of the fluid particle at the tip of the wave crest, V fl , exceeds the instantaneous crest propagation velocity, V cr . This formulation offers numerous advantages over other suggested criteria as it is physically transparent and does not contain empirical constants that appear in some alternative formulations of the breaking criterion. Efforts to validate this criterion experimentally in general provided support for this formulation; however, those attempts were not fully conclusive. Contrary to alternative versions of the kinematic criterion, where the velocity of the water particle at the crest is compared to a fixed velocity associated with the wave, the adopted version accounts for the fact that the crest propagation slows down with steepening and approaching of breaking. In order to prove definitely the validity of the criterion, the actual velocity of the wave crest, V cr , at the inception of breaking thus should be determined. The instantaneous values of V cr are usually determined from the shift in time of the maximum surface elevation in video records of the wave shape in the vicinity of breaking. To this end, a decision has to be made about the exact location of the tip of a relatively flat, nearly horizontal, and not totally smooth wave crest in each recorded image. The limited accuracy of this procedure leads to errors in determination of the instantaneous crest propagation speed and constitutes the main difficulty in the reliable experimental verification of this criterion.
To overcome these limitations, an attempt was made here to verify the applicability of the kinematic criterion for the inception of breaking using fully nonlinear numerical simulations based on the Boundary Element Method, accompanied by carefully designed experiments in a wave tank. To demonstrate that conclusions based on numerical computations were reliable, the present study was carried out in two stages. First, a quantitative verification of the accuracy of the numerical solutions was performed by carrying out detailed comparison of the experimental and numerical results along the tank. The actual motion of the wavemaker was recorded and served as a boundary condition in the numerical simulations. The measured variation of surface elevation with time at selected fixed locations, as well as instantaneous snapshots of the free surface in the vicinity of breaking, was quantitatively compared with the corresponding numerical results. Qualitative and quantitative agreement between the numerical and experimental results confirmed the accuracy of the adopted numerical approach.
The positive outcome of the first stage of this study justified reliance on fully nonlinear simulations in order to obtain the location of the steepest crest within the tank in the course of the wave train propagation along the tank in the second stage of this study. This in turn made possible the determination of the variation with time of the fluid particle velocity at the steepest crest, V fl (t), and of the instantaneous crest velocity, V cr (t), and thus evaluation of the applicability of the breaking inception criterion.
To demonstrate the generality of the results, two different methods of generation of extremely steep breaking waves were considered: an essentially nonlinear process that results in enhancement of the steepest crest in an initially narrow-banded wave train and a basically linear mechanism of constructive interference among numerous harmonics in a wave train with a broad-banded spectrum that results in wave focusing. In both cases, a substantial deviation of the propagation velocity of the steep wave crest from the carrier wave phase velocity, c p , was found, including crest slowdown prior to the inception of breaking, in agreement with Ref. 24 . The distances from the wavemaker to the location where the adopted kinematic breaking criterion was first satisfied in the numerical simulations for different wave train shapes agree with the locations of breaking inception observed experimentally. It is thus demonstrated that the inception of breaking is independent of the mechanism leading to steepening of the wave train so that the kinematic breaking criterion holds for narrow-as well as for broad-banded wave trains. The independence of the kinematic condition of the wave generation is supported also by the results reported in Ref. 30 .
The present study reconfirmed that nonlinearity significantly affects all wave parameters, in particular for steep waves, and thus is essential for determination of conditions at the inception of breaking. However, an attempt is made here to address the question whether nonlinearity is absolutely indispensable for breaking, or alternatively breaking conditions can in principle be satisfied in a linearized wave system. To this end, kinematic characteristics of the steepest crest generated by linear constructive interference of multiple harmonics in a broad-banded wave train were computed from the free waves' spectrum. The results show that once nonlinear variations of the spectrum of the wave train are taken into account, the kinematic breaking criterion calculated using the simplified theory predicts the location of breaking reasonably well.
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APPENDIX: EVALUATION OF EXPERIMENTAL ERRORS IN DETERMINATION OF BREAKING CREST LOCATION
To assess the accuracy of experimentally determined values of crest location, x cr , at the instants of breaking inception, FIG. 24 . Snapshots of the pre-breaking wave crest generated by the driving signal (2) for different independent experimental runs. Vertical broken lines indicate error bounds for estimation of the crest location. The raw photos without contrast adjustment are presented. the repeatability of experiments was estimated by comparing snapshots of the steepest wave crest obtained at identical instants relative to the wavemaker activation in independent experimental runs. Snapshots of the pre-breaking crest generated using driving signal (2) and captured at t = 18.0 s are presented in Fig. 24 . The experimental error due to imperfect repeatability can be estimated as ∆x cr,I ≈ ±10 mm.
An additional error, ∆x cr,II , attributed to the finite camera frame rate is estimated from Fig. 25 by comparing waveforms obtained from the consecutive snapshots within a single experimental run. The total experimental error in determination of the crest location at the instant of breaking inception can thus be estimated as ∆x cr = ∆x cr,I
2 + ∆x cr,II 2 ≈ ±14 mm.
